Dualities link M-theory, the 10+1 dimensional strong coupling limit of the IIA string, to other 11-dimensional theories in signatures 9+2 and 6+5, and to type II string theories in all 10-dimensional signatures. We study the Freund-Rubin-type compactifications and brane-type solutions of these theories, and find that branes with various world-volume signatures are possible. For example, the 9+2 dimensional M* theory has membrane-type solutions with world-volumes of signature (3,0) and (1,2), and a solitonic solution with world-volume signature (5,1).
Introduction
The strong coupling limit of the type IIA superstring theory is a theory in 10+1 dimensions that we will refer to as M-theory. The various superstring theories can be obtained from this by compactifying and going to the boundaries of the moduli space, giving a geometrical interpretation of many of the string theory dualities [1] . For example, the IIA string theory arises from compactifying M-theory on a circle and taking the zero radius limit [2] , the IIB string theory arises from compactifying M-theory on a 2-torus and taking the zero size limit [3] and the E 8 × E 8 heterotic string arises from compactifying M-theory on S 1 /Z 2 and taking the zero radius limit [4] . In [5, 6] , this was generalised to the case of M-theory compactified on tori with Lorentzian signature. Surprisingly, going to boundaries of the moduli space in which Lorentzian cycles shrink to zero size leads to new theories, in many of which the space-time signature has more than one time. These include versions of M-theory in signatures 9+2 and 6+5 and type II string theories in various 10-dimensional spacetime signatures. All are linked by an intricate web of dualities and all emerge as different limits of the same underlying theory. The set of theories can be thought of as different real forms of a single complexified theory, and each has a supergravity theory with 32 supersymmetries arising as a field theory limit. In this way, maximal supergravity theories in 10 or 11 dimensions with various signatures are obtained, and each can be studied in its own right. Each of the forms of M-theory or type II string theories have brane solutions of various world-volume signatures, and our purpose here is to find and investigate these solutions. We will restrict ourselves here to those solutions that preserve 16 of the 32 supersymmetries, which are the analogues of the BPS states that play a key role in the Lorentzian signature theories. We will verify that the dualities linking the various theories also relate the brane solutions, giving a useful consistency check on the duality structure unravelled in [5, 6] , and giving insights into the structure of these theories.
In [5, 6] , timelike compactifications of M-theory and type II string theories on Lorentzian tori T n,1 (with n spatial circles and one timelike circle) were considered, extend-ing the work in [7, 8] on timelike compactifications of supergravities. If, as was assumed, such classical solutions with periodic time are consistent backgrounds for M-theory or string theory, then the limits in which various cycles degenerate can be considered. The type IIA theory on a timelike circle gives, in the limit in which the circle shrinks to zero size, a T-dual type IIB* string theory, while the timelike T-dual of the IIB theory is a IIA* theory. The IIA* and IIB* theories are formulated in 9+1 spacetime dimensions, and have supergravity limits similar to those of the IIA,B supergravities, but with the signs of some of the kinetic terms reversed; in particular, the RR fields have kinetic terms of the wrong sign. The IIB* theory can be obtained from M-theory compactified on T 1,1 in the limit in which the Lorentzian 2-torus shrinks to zero size [5, 6] . If M-theory is compactified on a 3-torus T 2,1 , then the limit in which the 3-torus shrinks to zero size gives an M* theory in 9+2 dimensions. This same theory arises as the strong coupling limit of the IIA* string theory, in which an extra time dimension opens up [6] , in a way that is analogous to the way an extra space dimension opens up in the strong coupling limit of type IIA theory [2] . Similarly, starting from the M* theory in 9+2 dimensions and compactifying on a Euclidean 3-torus T 3 gives, in the limit in which the 3-torus shrinks to zero size, an M ′ theory in 6+5 dimensions [6] . Similar steps lead to M-type theories in signatures 5+6, 2+9 and 1+10 also, but these are equivalent to the theories with the reversed signature.
Starting from the M-theories in signatures 10+1, 9+2 and 6+5, and compactifying on either a spacelike or a timelike circle and taking the limit in which the circle shrinks to zero size gives a set of type IIA-like string theories in signatures 10+0, 9+1, 8+2, 6+4 and 5+5
(together with the reversed forms). There are two forms of the 9+1 dimensional theory, the IIA and IIA* theories, and although there is a similar pair of forms of the theory in 5+5 dimensions, they are related by a field redefinition (including the signature-reversing g µν → −g µν ) and so are equivalent. Compactifying the M-theories on 2-tori of various signatures and taking the limit in which both radii tend to zero size gives IIB-like theories in signatures 9+1, 7+3 and 5+5. In signatures 9+1 and 5+5, there is a IIB theory and a IIB* theory, together with a IIB ′ theory which is the strong coupling limit of the IIB* theory in either case. Thus there is a set of string theories in 10 dimensions with various signatures that are related by timelike T-dualities and S-dualities, and this list gives all such theories that can be obtained in this way.
These theories have branes of various world-volume signatures, and they can be formally obtained from the usual branes of M-theory or type II theory by dualities. For example, the timelike T-duality takes the D-branes of the type II theories, with Lorentzian world-volume signature, to the E-branes of the type II* theories, which have Euclidean world-volume signatures. We will refer to a brane with world-volume signature (s, t) (s positive signature space dimensions and t negative signature timelike ones) occuring in a theory with spacetime signature (S, T ), with S ≥ s, T ≥ t, as an (s, t)-brane. Some branes in non-standard signatures were discussed in [9] , but most of the solutions that will be discussed here were beyond the scope of [9] .
There are also solutions which are products of generalised de Sitter spaces of various signatures, all of which are coset spaces SO(p, q)/SO(p − 1, q) with the SO(p, q)-invariant metric; when these have two sheets, we take one connected component. These include
(which has a Euclidean metric and was referred to in [10] as Euclidean anti-de Sitter space) and the space
with two-timing signature (d − 2, 2).
Here we will study the de Sitter and brane solutions of the M, string and supergravity theories in various signatures, and investigate their properties. These give clues to the interpretation of these theories, and also lead to generalisations of the conjectured duality between 3+1 dimensional N = 4 super Yang-Mills theories and IIB string theory in 5-dimensional anti-de Sitter space [11] , and between N = 4 super Yang-Mills theories in 4
Euclidean dimensions and IIB* string theory in 5-dimensional de Sitter space [5] , as will be discussed elsewhere [12] .
The plan of this paper is as follows: we outline in section 2 the type of brane and branerelated solutions in theories of various spacetime signatures that we will investigate in the rest of the paper. In section 3 we write down the D-brane solutions of the type II theories and the corresponding E-brane solutions of the II* theories. We also display some wavelike solutions of the II* theories that have no D-brane analogues. In section 4 we briefly review the supersymmetric brane and Kaluza-Klein solutions of 10+1 dimensional M-theory. In section 5, we consider solutions of the eleven-dimensional M* theory with signature 9+2
and discuss their geometry, while in section 6, we discuss solutions of M ′ -theory with signature 6+5. In section 7, we summarize the solutions of the various 11-dimensional M-theories and 10-dimensional type II theories. We discuss in section 8 the general rules governing which world-volume signatures occur in which theories. In section 9, we discuss the reductions of our eleven-dimensional solutions to obtain solutions in ten dimensions, using this as a check on the results of section 7. We also show how D-branes and E-branes are related via timelike reduction and oxidation with the specific example of the D2-brane of IIA and the E1-brane of IIB* following the methods of [13] .
Brane Solutions
For theories in spacetimes of signature (S, T ), we will seek generalised brane solutions with metric of the form
where η ab is a flat metric of signature (s, t) andη ij is a flat metric of signature (S −s, T −t).
We will require H to be a function of the transverse coordinates Y i and find that the field equations imply that H(Y ) has to be a harmonic function, satisfying
and determine the constants α, β. The longitudinal space has signature (s, t), and we refer to it as an (s, t)-brane, so that a conventional p-brane of a Lorentzian theory with
is a (p, 1)-brane. These solutions also have a non-vanishing n-form gauge field with n = s + t.
Different types of solutions arise for different choices of harmonic function. A simple choice is the wave-type solution
with K a constant null vector. For the Euclidean transverse space (as in p-branes) there are no non-trivial null vectors K, but there are non-trivial solutions if the transverse space has both spacelike and timelike dimensions.
A simple generalisation of the usual p-brane ansatz is to take
for some constants c, Q; c can be taken to be 0 or 1, while Q represents the 'charge' of the brane. one region cannot be continued through the null cone to a solution in the other region; in some examples, the surface Y 2 = 0 is singular, in others it is a boundary. However, in the cases in which it is a non-singular horizon, one can continue through it, as in [14] . Near Y 2 = 0, the constant term in (2.4) is negligible, so that one can take
This limiting form of the geometry is sometimes a non-singular product of de Sitter-type spaces. For example, for the usual D3-brane, M2-brane and M5-brane it is a product of anti-de Sitter space and a sphere, AdS p+2 × S D−p−2 [14, 11] , while for the E4-brane of the type IIB* string theory, it is the product dS 5 × H 5 of 5-dimensional de Sitter space and a 5-hyperboloid [5] . For the case of the E4-brane, the two regions Y 2 > 0 and Y 2 < 0 are two distinct, complete, non-singular solutions and for both cases Y 2 = 0 is a boundary at infinite distance. There are thus two solutions, and neither can be analytically continued through Y 2 = 0. The interpretation of these solutions was discussed in [5] .
In all the cases with Lorentzian signature transverse spaces, we will exhibit two solutions, one for the region Y 2 > 0 and one for the region Y 2 < 0. We will not address here the nature of the surface Y 2 = 0 (which could be a singularity, a horizon, a boundary, etc.)
or discuss in which cases the brane solutions can be continued through Y 2 = 0. We hope to return to these questions, and others concerning the interpretation of these solutions, in a future publication.
In addition to the single source solution (2.4), there are multi-source solutions
as well as smeared solutions in which the harmonic function H is independent of one or more of the Y i . However, in each case we will usually only display the single-source solution (2.4) explicitly.
D-branes and E-branes
The bosonic action of the IIA supergravity is
while that of IIB supergravity is
Here Φ is the dilaton, H = dB 2 is the field strength of the NS-NS 2-form gauge field B 2 and G n+1 = dC n + . . . is the field strength for the RR n-form gauge field C n . The field equations derived from the IIB action (3.2) are supplemented with the self-duality constraint G 5 = * G 5 . Our conventions are that in signature S + T , the metric has S positive spatial eigenvalues and T negative timelike ones, so that a Lorentzian metric has signature (+ + . . . + −).
The type II supergravity solution for a Dp-brane (p is even for IIA and odd for IIB)
is given by [15, 16, 17] 
where H is a harmonic function of the transverse coordinates y n+1 , . . . , y 9 , k is a constant and here and throughout in the paper we denote longitudinal spatial coordinates by x a and transverse spatial coordinates by y i . The simplest choice for H is
where c is a constant (which can be taken to be 0 or 1), q is the D-brane charge and y is the radial coordinate defined by
When c = 0, it is conventional to set k = c −1 , so that as y → ∞, C 012...p → 0. However, for convenience we will henceforth set k = 0 and usually take c = 1.
The type IIA* and type IIB* actions are given by reversing the signs of the RR kinetic terms in (3.1),(3.2) to give [5] 
and
where the field equations from (3.7) are supplemented by the constraint G 5 = * G 5 .
The Ep-brane solutions to (3.6) and (3.7) are given by
),
In this case, H is a harmonic function of t, y p+1 , . . . , y 9 (i.e. it is a solution of the wave equation ∇ 2 H = 0), and H can depend on time as well as the spatial transverse coordi-
nates.
There are a number of different possibilities for H. First, we can take the timeindependent H given by (3.4). These are the solutions that arise from the D-brane supergravity solutions on performing a timelike T-duality, using a generalisation [6] of Buscher's rules [18] . Secondly, we can consider the solution [5] 
where τ, σ are the proper time and distance defined by
This corresponds to a source located at a point in the transverse space-time. For odd p,
gives a different solution.
The solution (3.8) is an extended object associated with a spacelike p-surface with coordinates x 1 , . . . , x p located at t = y p+1 = . . . = y 9 = 0. This is to be compared with a D-brane, which is associated with a timelike p + 1-surface with coordinates t, x 1 , . . . , x source. In the perturbative string theory, the timelike T-duality taking the type II theory to the type II* theory changes the boundary condition in the time direction from Dirichlet to Neumann, and so takes a Dp-brane to an Ep-brane. The solutions have a potential singularity on the light-cone t 2 = y 2 , but in some cases this is non-singular [5] . The E-branes preserve 16 of the 32 supersymmetries of the type II* theories. Smearing these solutions in the time direction gives the time-independent solutions given by (3.8) with H given by (3.4), and other solutions can be obtained by smearing in spacelike directions.
Another choice of H satisfying the wave equation is a wave solution
or a linear supposition of such solutions. These are completely non-singular and have no non-trivial D-brane analogue.
Solutions of M-Theory
M-theory is the strong coupling limit of the type IIA string [2] and is a theory in 10+1 dimensions whose low-energy effective field theory is 11-dimensional supergravity [19] with bosonic action
In this section, we review the solutions of M-theory whose analogues for M* and M ′ theories we will find in later sections.
The maximally supersymmetric solutions are 11-dimensional Minkowski space and its toroidal compactifications, the Freund-Rubin solution AdS 4 × S 7 [20] , and the compactification AdS 7 × S 4 [21] . It also has solutions which preserve half of the 32 supersymmetries:
the M2-brane [22] , the M5-brane [23] , the pp-wave solution [24] and the Kaluza-Klein (KK)
, where R s,t is flat space with signature (s, t), and TN is the self-dual Euclidean Taub-NUT solution with metric
where V is a harmonic function depending on y i and
The M2-brane solution of the 10+1 supergravity action (4.1) is given by [22] 
where H(y 3 , . . . , y 10 ) is a harmonic function in the transverse space. For a single membrane at y = 0, we take It is nonsingular at y = 0 with near-horizon geometry
The M5-brane [23] is given by 
where
and y 2 = y interpolates between AdS 7 × S 4 and flat space [14] .
Solutions of M*
We will now seek the analogues of the M2-brane, M5-brane and KK monopole that occur in the M* theory. The M* theory [6] is the strong coupling limit of the IIA* theory and is a theory in 9+2 dimensions whose field theory limit is a supergravity theory with bosonic action [5] 
Note that the sign of the kinetic term of G 4 is opposite to that of the action and isometry SO(d − 1, 2). The solutions are
For example, the AAdS 4 × S 7 solution is
AAdS 4 has signature (2, 2), isometry SO(3, 2) and constant curvature ∼ 1/a 2 .
There are two solutions of M*-theory analogous to the M2-brane. The first of these is the (1,2)-brane given by
where H(y 3 , . . . , y 10 ) is again a harmonic function in R 8 , which we can take to be (4.5).
The world-volume has signature (1,2), with two times. This solution has bosonic symmetry ISO(1, 2) × SO (8) . Near y = 0, the metric takes the form 5) which is the metric on AAdS 4 × S 7 ; here U = Q −1/6 y 2 /2 and R = Q 1/6 /2 = R S 7 /2. The (1,2)-brane interpolates between the flat space R 9,2 and AAdS 4 × S 7 .
The second membrane-type solution is the (3,0)-brane given by
where H is a harmonic function on the transverse space. The world-volume is Euclidean, with signature (3,0).
The E4-brane solution considered in [5] has a transverse space which is 6-dimensional
Minkowski space, which is divided into two regions by the light-cone. Choosing the harmonic function (3.9) gave a solution which split into two regions, the inside and outside of the light-cone, and each region is in fact a non-singular complete solution, with the light-cone of the parameter space becoming a boundary at infinite geodesic distance. A similar situation occurs here for the (3,0)-brane.
For the (3,0) brane, the null-cone y 2 = t 2 + t ′2 divides the transverse parameter space into two regions, and, as discussed in section 2, there are two distinct brane solutions, in which the transverse coordinate space is restricted to the region inside or outside the null cone. In the region y 2 > t 2 + t ′2 , a natural choice for the time-dependent harmonic function is
which gives a real solution (5.6) for y 2 > t 2 + t ′2 . For y 2 < t 2 + t ′2 , we take instead
In either case, the solution has bosonic symmetry ISO(3) × SO(6, 2). The geometry of (5.6) near y 2 = t 2 + t ′2 differs in the two cases, and the interpretation is similar to that of the E4-brane solution of the IIB* string [5] .
For
it is straightforward to show that, near σ = 0 the metric takes the form
where V = Q −1/6 σ 2 /2 and again R = Q 1/6 /2. This is the metric for H 4 × AAdS 7 . The region y 2 > t 2 + t ′2 of the solution (5.6) then interpolates between the flat space R 9,2 and
the metric near τ = 0 takes the form
where W = Q −1/6 τ 2 /2 and again R = Q 1/6 /2. This is the metric of dS 4 × AdS 7 . The region t 2 + t ′2 > y 2 of the solution (5.6) then interpolates between the flat space R 9,2 and
The M* theory has a (5,1)-brane solution (analogous to the M5-brane of M-theory) which is given by
Here H is a harmonic function and again there are two solutions. In the first solution 14) where the transverse coordinates are restricted to the region τ 2 = y 2 − t ′2 > 0, where 16) where here η ij is a flat metric with signature (+, +, −), i, j = 1, 2, 3. V is again a harmonic function depending on Y i and curlA = gradV , where, following [27] , curl and grad are defined with respect to the Lorentizian metric η ij . Writing Y i = (y 1 , y 2 , t),
, the harmonic function can be chosen as
in the region Y 2 > 0, or as
in the region Y 2 < 0. For the T N 2,2 solution, we take c = 1. The timelike coordinate z is periodic, with period 4πQ. Reversing the signature of the metric gives another space of signature (2,2) with metric 19) in which space and time have been interchanged, so that in particular the z coordinate on the S 1 fibre is now spacelike; we shall denote this space as −T N 2,2 . There are then two distinct solutions, R 7 × T N 2,2 and
Both T N and T N 2,2 are self-dual Kahler Ricci-flat spaces with two covariantly constant spinors; T N has holonomy SU (2) while T N 2,2 has holonomy SU (1, 1). Then the solutions R 5,2 ×T N , R 7 ×T N 2,2 and R 7 ×−T N 2,2 preserve half the supersymmetry. There is also a Lorentzian signature Taub-NUT solution T N 3,1 [27] , but this has no covariantly constant spinors and so the solutions R 7 × T N 3,1 of M-theory and R 6,1 × T N 3,1 of M* theory do not preserve any supersymmetries, and will not be considered further here; such solutions have been considered in [28] . There are also supersymmetric pp-wave solutions similar to those of [24] .
Solutions of M ′ -Theory
There is a IIA string theory in a spacetime with signature 5+5 whose strong coupling limit is the M ′ theory with signature 6+5 [6] . The field theory limit of M ′ theory is a supergravity theory in 6+5 dimensions with bosonic action
There are the following Freund-Rubin-type solutions:
Here if X denotes a space with metric g and signature (p, q), then −X denotes the same space X, but with metric −g and signature (q, p). Then −dS 4 = SO(1, 4)/SO(1, 3) has signature (1,3) and −H 4 = SO(1, 4)/SO(4) is a timelike hyperboloid with negative definite metric of signature (0,4).
There are the following half-supersymmetric KK-monopole type solutions
and pp-wave solutions similar to those of [24] .
There are two solutions analogous to the M2-brane. The first is the (2,1)-brane (6.5) we take the harmonic function we take The second solution anaogous to the M2-brane is the (0,3)-brane given by
(6.9)
Again there are two regions and a natural choice for the harmonic function in each, giving two distinct solutions: 
It has bosonic symmetry ISO(3) × SO(6, 2) which is identical to that of (5.6), although spatial and temporal dimensions are interchanged in the worldvolume. (6.9) interpolates between −dS 4 × AAdS 7 and R 6,5 in the first case and between −H 4 × AdS 7
and R 6,5 in the second.
Three solutions of (6.1) analogous to the M5-brane can be obtained. The first is the (5,1)-brane given by . This solution has bosonic symmetry ISO(5, 1) × SO (5). (6.18) interpolates between −AAdS 7 × S 4 and R 6,5 .
10-dimensional and 11-dimensional solutions
In the previous sections, we have considered the branes that occur in the M-theories in signature 10+1, 9+2 and 6+5. They are summarised in the following table: (3, 3) , (1,5) Table 1 The M-branes with world-sheet signature (s, t) coupling to C 3 or its dualC 6 in the various M-theories with signature (S, T ).
There are also equivalent mirror theories with signatures (1,10), (2, 9) and (5,6) and these have brane solutions with the reversed world-volume signatures. For example, the theory in signature (2,9) has branes of signature (2,1), (0,3) and (1, 5) .
A similar analysis can be done for the versions of the IIA and IIB theories in various signatures; there are branes of signature (s, t) coupling to n-form gauge fields with s+t = n, where the n-form gauge fields consist of B 2 and its dualB 6 , and the RR gauge fields C n (n ≤ 4) and their dualsC 8−n . The results are summarised in the following tables. Table 3 The branes with world-sheet signature (s, t) of the various IIB S,T theories with signature (S, T ).
The IIB theories also have D-instanton-type solutions, which will have real or imaginary C 0 charge, depending on how the theory is Wick-rotated; see [5] .
Solutions vs. Signature
In this section, we will systematically consider a generic theory with spacetime signature (S, T ) and investigate which branes can occur with which world-volume signatures.
Consider a D-dimensional action of the form
where F n+1 is the field strength for an n-form gauge field A n , with n ≤ D − 2, ǫ = ±1, and we have included a possible dilaton coupling e aφ in the kinetic term for A; in the 11-dimensional theories, this will be absent (a = 0). We have allowed an arbitrary sign ǫ = ±1 for the gauge field kinetic term, and will examine how the choice of sign affects the brane solutions, and in particular their world-volume signature.
The spacetime signature is (S, T ), S + T = D and we will seek brane-type solutions with metrics of the form with signature (S − s, T − t); A, B are functions of Y . Without loss of generality, we take S ≥ T . Note that dualising the n-form A n to añ = D − n − 2 formÃñ with field strength Fñ +1 = e −aφ * F n+1 (when possible) gives a dual form of the action Next, suppose that for a given spacetime signature (S, T ) and ǫ there is an (s, t)-brane solution with world-volume signature (s, t). Then there will also be (s ′ , t ′ )-brane solutions of the same theory (with the same (S, T ) and ǫ) for all (s ′ , t ′ ) with
for integers m (positive or negative) such that s ′ ≤ S and t ′ ≤ T . Again, this is easily seen by considering the equations of motion.
Finally, for general (S, T ), if ǫ = 1 there are electric (s, t) branes for all odd t with s+t = n and 0 ≤ s ≤ S, 0 ≤ t ≤ T , (including an electric (n−1, 1)-brane if n−1 ≤ S), while if ǫ = −1 there are electric (s, t) branes for all even t with s+t = n and 0 ≤ s ≤ S, 0 ≤ t ≤ T (including an electric (n, 0)-brane if n ≤ S).
Similarly, starting from the dual action (8.3), we find that ifǫ = 1 there are magnetic (s, t) branes for all odd t with s + t =ñ and 0 ≤ s ≤ S, 0 ≤ t ≤ T , while ifǫ = −1 there are magnetic (s, t) branes for all even t with s + t =ñ and 0 ≤ s ≤ S, 0 ≤ t ≤ T .
This agrees with the branes in 11 dimensions displayed in table 1 and the brane spectra for the IIA and IIB theories given in tables 2 and 3.
Dualities, Reductions and Oxidations
The various M, IIA and IIB theories are linked by a web of dualities given in [6] , and these should map the branes in the various theories into one another, giving a check on It has been conjectured [29, 30] that there should be some 'M9-brane' giving both the D8-brane and the NS 9-brane [29] of the IIA theory, and this has been included.
If instead M-theory is compactified on a timelike circle to give the IIA string theory in Euclidean dimensions, the reduction of the branes is as in fig. 2 . From the M* fivebrane, we obtain either the E5-brane or the NS (solitonic) fivebrane.
Finally, we obtain from R A spacelike or timelike T-duality takes a IIA theory to a IIB theory and vice versa, the precise relations being given in [6] . A IIA theory in signature (S, T ) is related via a spatial T-duality (say) to a IIB theory either in signature (S ′ , T ′ )=(S, T ) or in signature (S ′ , T ′ ) = (S − 1, T + 1). In the former case, the spacelike dimensional reduction of the IIA theory to (S − 1, T ) dimensions is the same as the spacelike reduction of the IIB theory, while in the latter case it is the same as the timelike reduction of the IIB theory. This means that a brane of the IIA theory can be reduced to a brane of the 9-dimensional supergravity on spatial reduction, and this can then be oxidised to a brane of the T-dual IIB theory. Similar results apply for timelike reductions of the IIA theory.
For example, the IIA theory in (9,1) dimensions is related by a timelike T-duality to the IIB* theory in (9,1) dimensions. Thus the timelike reductions of the D-branes of the IIA theory give solutions of a 9-dimensional theory which should give E-brane solutions of the IIB* theory on timelike oxidation. We now check this.
Following the methods outlined in Appendix A, suppose we start with the D2-brane solution of IIA in the canonical frame action
where all other fields are set to zero. In this frame, the solution is given by
), If we reduce this solution along the t direction following the first method outlined in Appendix A, we obtain a Euclideanised string solution
to the equations of motion derived from the action
Note the change in sign of the last term of the action. 5) to the IIB* action
This solution can then immediately be extended to the E2-brane solution of IIB* above by allowing the harmonic function to includet-dependence, thus replacing H by
Transforming to the sigma-model frame, we recover the solution (3.8) for p = 2.
Following this method, it is not difficult to see that the timelike reduction followed by oxidation procedure transforms the Dp-brane into an Ep-brane, with p even for IIA and p odd for IIB.
As an example in which the T-duality changes the signature, the IIA 8+2 on a spacelike circle of radius R is T-dual to the IIB 7+3 theory on a timelike circle of radius 1/R. The spacelike reduction of the IIA 8+2 supergravity and the timelike reduction of the IIB 7+3 supergravity give the same supergravity theory in 7 + 2 dimensions. A spacelike reduction followed by a timelike oxidation should then take a brane of the IIA 8+2 theory to one of the IIB 7+3 theory. We now check this.
Suppose we start with the (3, 0)-brane solution of IIA 8+2 in the canonical frame action
where all other fields are set to zero. In this frame, the (3, 0) solution is given by ).
If we reduce this solution along the x 3 direction following the first method outlined in [13] for spatial reductions, we obtain a Euclideanised string solution
to the action
Note that there is no change in the sign of the last term of the action.
If we oxidise vertically along a timelike directiont 3 , we obtain the solution
), 13) to the IIB 7+3 action
This solution can then immediately be extended to the (2, 0) solution of IIB 7+3 of section 5 by allowing the solution of the wave equation to includet 3 -dependence, thus replacing
H by
(9.15)
Transforming to the sigma-model frame, we recover the (2, 0) solution.
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where − exp[2ρ] is the componentĝ tt . One finds thatR(ĝ) =R(ḡ) − 2∇ 2 ρ − 2(∇ρ) 2 . Thus the gravity part of the action becomes 4) and now the full dimensionally reduced action is
(A.5)
Note the sign change in the F 2 term. We can reverse this reduction process to construct an oxidation prescription as follows:
In the D-dimensional theory described by the final action (A.7), we begin with a solution with a given field configuration g µν , φ, A. We add an extra timelike dimension t to Hence the new field strength can be defined in terms ad-form potentialB, i.e.,Ĥ = dB, and the new equations of motion will arise from the following action
(A.10)
In the dimensional reduction with the dual field, any components ofB carrying a t index will vanish, i.e., ,B µ···νt = 0. Further in the reduced theory, we have ad-form potential B given by B µ···ν =B µ···ν , and a corresponding (d + 1)-form field strength H = dB.
The remainder of the construction is unchanged. The essential point though is that one arrives at a second independent reduction/oxidation procedure in which the form potential is completely unchanged. In this case, however, the sign of the F 2 term is unchanged.
Expressed in terms of the action (A.7), the second oxidation prescription is as follows:
We begin in the D-dimensional theory described by the final action (A.7) with a solution given by the field configuration g µν , φ, A. We add an extra dimension t to construct a where ∇ 2 ≡η kl ∂ k ∂ l and V · W ≡η kl V k W l .
